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In this paper we are dealing with first-order differential equations and inequalities 
with a deviating argument and we give some new necessary, sufficient, and 
necessary and sufficient conditions concerning: (a) the comparison of oscillatory 
and asymptotic behavior of solutions of: (1) first-order vector differential equations 
and, corresponding to them, operator and scalar differential equations with a 
deviating argument and (2) first-order differential equations and, corresponding to 
them, inequalities with a deviating argument; and (b) the existence of a certain type 
of nonoscillatory solutions of differential equations and inequalities with a deviating 
argument. What is important, in our opinion, is the fact that some of the obtained 
results concern not only the cases of constant sign coefftcients, but also the cases 
where the coefficients of equations and inequalities under consideration are of non- 
constant sign. K? 1988 Academic Press, Inc 
PRELIMINARIES 
Consider the first-order vector differential equation 
Y’(t) +P(t) J’[T(t)l = 0, rat,, (VE) 
and corresponding to it the operator (in the finite dimensional case matrix) 
differential equation 
r(t) +P(t) y[T(t)l = 0, ta to, (OE) 
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where the function T: [r,, NJ)-+ R is continuous with lim,, , t(t)= ~1, 
y(t) for every t 3 t, is in Hilbert space (H. ( ., )) and p: [r,, ry,) + 
L(H, H) is bounded or unbounded. 
Along with the equations (VE) and (OE), we consider also the 
corresponding scalar differential equation of the form 
x’(r) +p(r) x[z(t)] = 0, tat,, (SE) 
where p: [to, CO) -+ IF!. 
The following notions will be used throughout this paper: 
1. A continuous real-valued function rp on [a, co) eventually has 
some property if there exists a real number b 3 a such that cp has this 
property on [h, co). 
2. A function u E C( [to, co), R) is called nonoscillatory if it is even- 
tually of constant sign. Otherwise, it is called oscillatory. 
3. (a) A vector-valuedfunction v E C( [to, co), H) is called oscillatory if 
for any h E H with h # 0 the real-valued function (v(t), h) is oscillatory. 
(b) An operator-ualued function VE C( [to, co), L(H, H)) is called 
oscillatory if for any h E H with h # 0 and I > t, the real-valued function 
( v(t) h, 12) is oscillatory. 
4. By a solution of (VE) (resp. (OE)) we mean a w  E C’( [to, co), H) 
(resp. w  E C’( [to, co), L(H, H)) which satisfies (VE) (resp. (OE) and for all 
t 2 t,. and for any T, E [t,., co) 
where I/.[/ is a norm on H (resp. on L(H, H)) and w’ denotes the strong 
derivative of w. 
5. The differential equation (VE) (resp. (OE) is called oscillatory if 
every one of its solutions is oscillatory. Otherwise, it is called non- 
oscillatory. 
Remark 1. In the sense of definition 3, given first by Domshlak in [3] 
for the vector-valued function and here for the operator-valued function, 
the oscillation is a property which is invariant under the transformation of 
the system of coordinates. 
Theorem 1 below will show that two definitions 3(a) and 3(b) are 
compatible in the sense that (VE) is oscillatory if and only if (OE) is 
oscillatory. 
For the related results on equivalence of the vector and, corresponding 
to it, the matrix differential equation the reader is referred to [l]. 
In order to prove some of our results below we will use the following 
fixed point theorem (cf. [ 123). 
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KNASTER'S FIXED POINT THEOREM. Let (X, 6) be an orderedset. Iffor 
every A E X there exist inf A and sup A and S is an increasing mapping of X 
to itself, then there exists at least one element x E X such that Sx =x. 
COMPARISONTHEOREMS 
Our first result ensures the equivalence of oscillation of differential 
equations (VE) and (OE) as well as the equivalence of oscillation, under 
some additional conditions, of (VE) and (SE). 
THEOREM 1. Consider the differential equations (VE), (OE), and (SE). 
Then : 
(i) (OE) is oscillatory if and onZy if (VE) is oscillatory; 
(ii) ifp in (VE) is a scalar function, p: [to, “3) -+ R, then (VE) is 
oscillatory if and only if (SE) is oscillatory. 
Proof. (i) Suppose that (OE) is nonoscillatory. Then there exist a 
solution Y of (OE) and an h E H with h #O such that for every t 2 t, 
the function ( Y(t) h, h) is nonoscillatory. Obviously, the function 
y(t) = Y(t) h, t B t, is a solution of the equation (VE). 
Conversely, let (VE) be nonoscillatory. Then there exist a solution y of 
(VE) and an h E H with h #O such that for every t 2 t, the function 
(y(t), h) is nonoscillatory. It is obvious that we can suppose that 11 h 1) = 1. 
Now, for every t B to we define the operator Y(t) 
Y(t) u = y(t)<u, h >. 
Clearly, the operator Y(t) is well defined and satisfied Eq. (OE) for all 
t 3 t,. Furthermore, for every t k t,, 
(Y(t) k h) = <y(rKk hl, h) = (y(t), h) 
and so Y is a nonoscillatory solution of (OE). This completes the proof 
of (i). 
(ii) Let (VE) be nonoscillatory. Then there exist a solution y of (VE) 
and an h E H with h # 0 such that for every t 2 t, the function (y(t), h ) is 
nonoscillatory. Define now the function x by the relation x(t) = (y(t), h), 
t 2 t,, and remark that x is a nonoscillatory solution of (SE). 
Conversely, assume that (SE) is nonoscillatory and let x be a non- 
oscillatory solution of (SE). Let e E H be any vector with the property 
(e, e) = (1 e (I* = 1 and consider the function y(t) = x(t) e, t 2 to. Then y is a 
nonoscillatory solution of (VE). This completes the proof of (ii). 
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Remark 2. The part (ii) of Theorem 1 shows that the definition 3 is 
compatible with the usual definition of oscillation. The operator Y defined 
in (i) is in fact a realization of a tensor product. Actually, in the finite 
dimensional case H = R” we have that for every t 3 I(, 
Furthermore, it is obvious that the conclusion of Theorem 1 holds for 
general nth order linear differential equations of the forms 
y’“‘(t)+ i pk ~,(t)y’k-“[T~~.~(t)=O, t3 t,, 
k=l 
Y’“‘(f)+ f pk m,(t) Y(k-‘)[Tk-,(f)=O, t>to, 
k=l 
and 
d”‘(t)+ i pk-,(t)x(k-‘)[Tk- ,(t)=o, t2 to, 
k=l 
wherep,, ti: [to, co)+R and lim,,, r,(t)=co, i=O, l,..., n-l. 
Remark 3. In the case where the function p is of constant sign, taking 
into account the equivalence (under appropriate conditions) of oscillatory 
behavior of solutions of scalar differential equations and corresponding to 
them differential inequalities (cf. [6, 10, 1 l]), Theorem 1 can be extended 
to more general classes of systems of differential equations than (VE), for 
example, to systems considered in [6, 91. But we are not interested in such 
kinds of extensions. 
Remark 4. Using the recent sharp oscillation results given in [4, 73, 
which are refinements of Ladas result [8], we give the following results for 
the vector differential equation (VE). 
COROLLARY 1. Consider the difSerentia1 equation (VE) subject to the 
conditions: 
t(t)<t andp( for every t 2 I,. 
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then (VE) is oscillatory, while if 
s r;,)P(4 ds 2 e for every t 3 t,, 
then (VE) is nonoscillatory. 
From Corollary 1 (see also [S]) we have the following corollary which 
gives a characterization of oscillations of solutions of (VE). 
COROLLARY 2. Consider the vector differential equation (VE) subject to 
the conditions: 
z(t) = t-z, z = const > 0, and p(t)-p>O for every t > t,. 
Then (VE) is oscillatory, $ and only ifpze > 1. 
The presented scalar results for one delay were extended by a number of 
authors to the case of several delay and/or advanced equations (see 
[9912]), i.e., to the case of differential equations of the form 
Y’Ct) + i Pi(t)YCz,(t)l =OT (SD) 
i=l 
where the real-valued functions pi and ti are continuous and such that for 
pi > 0, zi(t) d t, and lim,,, t;(t) = co, i = 1, 2, . . . . n. Obviously, our results 
for Eq. (VE) can be extended to the case of several delays. We choose the 
following result obtained first in [ 111 and then in [9]: 
THEOREM A. Assume that z,(t) = t - ti, where ~~ (i= 1,2, . . . . n) are 
positive constants, and 
li,tnkf f J’ 
i=l f-T* 
pi(s) ds>$, z* = i=Tin n iri> 3 . . . 
Then the Eq. (SD) is oscillatory. 
As far as we know, in the case of constant coefficients pi and delays 
ti(t) = t - ri (i = 1, 2, . . . . n) the most general result is obtained in [lo]. 
In what follows, we consider first-order nonlinear differential equations 
with a deviating argument of the form 
and 
x’(t) +p(t)f (xC~ct)l) = 0, t> to, (E) 
x’(t) + P(t) F(x[o(t)]) = 0, t2 to, @,I 
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and, corresponding to them, the inequalities 
and 
Y(t)llY’(r) +p(t)f'(~~II7(t)l)l~o. t 3 t, (1) 
v(t)Cv’(t) + p(t) mJC~(~)l)l~Q tat,, (11) 
where the real-valued functions p, f; z and P, F, ~7 are continuous. 
Moreover, the functins Sand F are supposed nondecreasing and such that 
for every u E R - {0}, uf(u) > 0, and uF(u) > 0. The functions z and g are 
subject to the conditions lim, _ ~ r(t) = co and lim, _ 1c a(t) = co. 
We state now the following two comparison theorems. 
THEOREM 2. Let ,for every 1.4 E [w - {O} 
44~) -f(u)) B 0 
and let for every t > t,, P(r) 3p(7) > 0 and 
o(t)<z(t)< t. (1) 
Then from the oscillation of the equation (E) it follows the oscillation of 
Es- US )- 
Proof Let (E,) be nonoscillatory and let x be a nonoscillatory solution 
of (E, ). Without loss of generality suppose that 
x(t) > 0 for all large t. 
Then by our assumptions we obtain that for all large 1 
x’(t) = -P(t) FbCdf)l) < -p(t)fW(t)l). 
Integrating this inequality from t to co, we derive that 
x(t)>, s m ~(sff(x[~(s)l) ds for all large t. f 
Using Theorem 1 from [lo], we conclude that x is a nonoscillatory 
solution of Eq. (E), which is a contradiction. 
Remark 5. We observe that the interesting point of Theorem 2 is 
codition (1) imposed on the functions r and 6, which is the one opposite to 
the ones usually used in comparison theorems of this type (cf. [ 13, 15, 161). 
For instance, in the case of second-order differential equations with 
deviating arguments we have the following result (see [13, 161): 
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THEOREM B. Consider the equations 
Y”(l) + qI(t).fI(YC~l(f)l)=0 
and 
Y”(l) + 92(~)f*(YI~2(~)1) = 0. 
(SE,) 
(SE,) 
Assume that the real-valued continuous functions q, , q2, a,, a*, f,, andf, are 
such that 
0 < 41(t) G 42(f), al(t) da,(t) and W,(u) -fAu) 2 0. 
Then,from the oscillation of (SE,) the oscillation of (SE,) follows. 
THEOREM 3. Suppose that for every t 2 t,, 
P(f) > 0 and z(t) < t. 
Then the differential inequality (I) is oscillatory if and only if the differential 
equation (E) is oscillatory. 
Proof. Since from the oscillation of the inequality (I) it follows 
immediately the oscillation of the equation (E), we have to prove that from 
the oscillation of (E) it follows the oscillation of (I). Since this proof can be 
carried out by the arguments parallel to those which are used in [lo, 
Theorem 11, we omit its details. 
Using Theorem 3, we give now a simple proof of Theorem A. 
Proof of Theorem A. Since the negative of a solution of Eq. (SD) is 
again a solution of Eq. (SD), we assume that y(t) is an eventually positive 
solution of Eq. (SD). This implies that y’(t) < 0 and the inequality 
v’(t)+ 5 Pi(t)Y(t-~*)~Q 
i=l 
where z* =min,,,,...,. (zJ, is nonoscillatory. By Theorem 3, the 
corresponding equation with a single delay 
Y’(l)+ i Pi(t)Y(t-T*)=O 
i=l 
is nonoscillatory. But, in view of (C), Corollary 1 implies that this last 
equation oscillates. This contradiction proves the theorem. 
It is obvious that our results can extended to the case of general delays 
ti(t)(i= 1, 2, . . . . n), in which case r*(t) = mini= I ,,._, n {ti(t)). 
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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF (E) AND (I) 
In this section we present a series of results concerning the asymptotic 
behavior of solutions of (E) and (I) under the additional assumtion that: 
the function p is nonnegative on [to, a) and not identically 
zero on every infinite subinterval of [r,, m). 
Using this assumption and properties of the functions f and t, it is easy 
to see that every nonoscillatory solution u of (E) (resp. of (I)) is non- 
increasing and for some M > 0 a priori satisfies the inequality 
0-c lu(t)l GM for all large 1. 
According to this estimation, nonoscillatory solutions which tend 
monotonically to zero as t -+ co are called solutions of “minimal” type, 
while the nonoscillatory solutions which tend to some nonzero constant are 
called solutions of “maximal” type. The existence of both types of solutions 
will be proved below. 
The following theorem gives the estimation of the growth of non- 
oscillatory solutions of the retarded first-order linear differential equation 
x’(t) +p(t) xC$t)l = 0, tat,. (L) 
THEOREM 4. Suppose that 7 is nondecreasing, 
p(t)30 and t(t) < t for every t 3 t, 
’ 
I 
O<lim inf p(s) ds d lim sup CC,) 
,-.m s T.(f) ,-CC s T(I) 
p(s)ds$;. 
Then for every nonoscillatory solution x of (L.) there exists an M> 0 
independent from x such that for every t 2 T> max { t,, 0} 
1 < xC~(t)l < M 
‘x(t)’ (2) 
and 
lx(T)l~~~(-M~‘p(s)ds)~lx(t)l~~x(T)~exp(-~~p(s)ds). (3) 
T  
Proof: Let x be a nonoscillatory solution of (L). Without loss of 
generality we suppose that 
x(t) > 0 for every t 2 t,. 
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Obviously there exists To > max (to, O> such that 
xlI~(tIl> 0 for every t > T,. 
Since for every t b To we have x[z( t)] > x(t), the first part of (2) is evident. 
In order to prove the second part of (2), we remark that, by (C 1), there 
exist T> To and k, 0 <k < l/e, such that 
s f P(S) ds 2 k for every t > T. T(l) 
Moreover, for every t >, T there exists t* > t such that 
t* 
and 
s I 
p(s) ds 2;. 
Integrating (L) first from z(t*) to t and then from t to t* we obtain that 
x(t) - xCt(t”)l = - c,*, P(S) xce)l ch 
and 
x(t*) - x(t) = - j“ p(s) x[T(s)] ds < -x[r(t*)] j’* p(s) ds 
, f 
from which it follows that for every t > T, 
x[r(l*)] 2 x(t) +; xCT(t)l 
and 
From these inequalities by substitution, we obtain that for every t 2 T, 
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and hence 
x[T(t)] 2( 1 -k) 
x(t) 
qT- for every t 3 T 
which proves (2). 
Let us now prove (3). Dividing both sides of (L) by x(t) and integrating 
from T to t we obain that for every t B T. 
(I 
I 
x(t) = x(T) exp - p(s) ~ XC~b)l& . 
T  -4s) ) 
(5) 
Using (4), from (5) we derive that for every r > T, 
x(t)$x(T)exp(-yJip(s)ds) 
which proves the first part of (3). The second part of (3) is an immediate 
consequence of (5) and (2). 
The proof of the theorem is complete. 
Remark 6. Since, by (5) and (2), for every t 3 T we have 
and, equivalently, 
For every t > T, putting 
z(I)~x(t)exp(I:p(r)dr), 
it is easy to verify that 
z’(t) < 0 for every t 2 T 
and hence there exists c 2 0 such that lim, _ m z(t) = c. Using this result and 
the fact that from (C,) it is elementary that j” p(t) dt = co follows, we 
conclude that x is an exponentially quickly decreasing function. 
Remark 7. It is obvious, that if t(t) > t, t 2 t,, Eq. (E) has a non- 
oscillatory solution. Moreover, denoting the initial interval for (E) by E,, 
where E,,= {tO}u {s:s=t(t)<t,, t > to}, and the solution of basic initial 
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value problem for (E) at t, by x(t, t,, cp) for a given continuous initial 
function rp: E,, + R, we conclude that for every cp : E, + R - { 0} the 
corresponding solution x(r, t,, rp) exists on some interval (to, t, + h), h > 0 
(see [2] and references there) and is nonoscillatory. Furthermore, if f 
satisfies the additional conditions 
IS( alul) for every u E R 
and 
then any solution of (E) can be continued to co (cf. [2, Theorem 3.11). 
Thus, we conclude that under the conditions of Theorem 4, all the 
solutions of (E) exist on some interval [T*, 00). 
Finally, we note that in the case of advanced argument, i.e., r(t) > t, 
t 2 t,, all nonoscillatory solutions of (L) satisfy 
for some T>, t,, and ME R. 
THEOREM 5. Let g: [to, oo)-(0, co) be a continuous nonincreasing 
function and such that for some M > 0 and for every t 3 T, > max (to, 0} 
i m As).I-P%C$s)l) ds f Mdt). I (C*) 
Then the differential inequality (I) has a nonoscillatory solution y with the 
property 
lim Y(t) -EE-- (0). 
r-mg(t) 
(6) 
Proof: Let T> T, be such that r(t) > T, for every t >, T. Let Y be the 
set of all nonincreasing functions y defined on [IT, co) and such that for 
some M > 0 and for every t > T 
and 
Mdt) <y(t) <2Mg(t) 
MgCr(tIl GyCz(r)l d ZMg[t(r)]. (7) 
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The set Y is considered to be endowed with the usual pointwise ordering 
6: 
Observe that for any A c Y there exist inf A and sup A and consider the 
mapping S: Y --) Y defined by the formula: 
& ift>T, 
~(s)fb+~(s)l) & ifT,<t<T. 
Since for any y E Y 
(Sy)(t) 2 NT(t) for every t 3 T 
and, by (C,), (7), and the definition of Y, 
(Xv)(t) G Mg(t) + JK ~(~)fQ%C~(t)l) ds , 
d 2Mg(t) for every t 2 T, 
we conclude that SYE Y. Moreover, from our assumptions it follows that 
S is a nondecreasing mapping with respect to the order of Y, i.e., for any y, 
and y, from Y and for every t 2 T 
y,(t) Gvz(t) * (Sy,)(t) G (Syd(t). 
Applying to S the Knaster’s fixed point theorem, we conclude that there 
exists y E Y such Sy = y, i.e., for every t > T, 
y(t) = &r(t) + j”“- p(s)f(y [+)I 1 ds. f 
It is easy to see that y is a nonoscillatory solution of the inequality (I) with 
property (6). 
The following exaple illustrates Theorem 5. 
EXAMPLE 1. The diffeential inequality 
u(t) L 32(logt-1) v’(t) + - 9 filog) t Y3(&) GO, 1 t>e 
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for c 6 32/9 and g(t) = log t/(t + 1) satisfies all the assumptions of 
Theorem 5. The nonoscillatory function y(l) = j(log t/t) is a solution of this 
inequality with the property lim, _ ,( y( t)/g(t)) = $. 
THEOREM 6. Let g(t): [to, 00) --f (0, 00) be a continuous nonincreasing 
function. Let z(t) 3 t for every t > to and let for some A > 0 and for every 
( u 1 > 0, f(u)/u < 1. Then under the condition 
s 
ou 
p(t) dt < 00 (G) 
the difSerentia1 inequality (I) has a nonoscillatory solution y with property 
(6). 
Proof. Consider the set Y of all nonincreasing functions y on [T, co), 
where T > T, 2 t, is such that for every t 2 T, z(t) > T,, and 
and 
J%(t) <y(t) G 2-k(t), 
As in the proof of Theorem 5, the set Y is considered to be endowed with 
the usual pointwise ordering <. It is easy to see that for any A c Y there 
exist inf A and sup A. Consider the mapping S: Y + Y defined by the 
formula: 
Q(T) + j- As)f bWs)l) ds for TV [T,, T), 
(Sy)(t) = 
T 
Q(t) + Ia p(s)f (yCds)l) ds for every t z T. 
f 
Since for any y E Y we have 
(SyNt) 2 Wt) for every t z T 
and for every t 2 T, 
(SY)(~) G-k(t) + A Irn ~(3) YCT(S)I ds I 
<Q(t) + 21L j- p(s) g[7(s)] ds 
I 
< Ldt) + 2;1Lg(t) j-w p(s) ds < 2Lg( t), 
, 
409/131/l-6 
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we conclude that SYc Y. Moreover, it is easy to check that S is a non- 
decreasing mapping with respect to the order of Y. Applying to S the 
Knaster’s fixed point theorem, we conclude that there exists JJ E Y such that 
Sy =y, i.e., for every t b T, 
y(t) = b?(t) + j= P(s)f‘(YC+)l) ds. 
r 
Hence it follows that y is a nonoscillatory solution of (I) with property (6). 
The following example illustrates Theorem 6. 
EXAMPLE 2. The differential inequality 
y(t)[y’(t) + te-‘2’4x”3($)] 60, t>o 
satisfies all the assumptions of Theorem 6. The function y(t) = se-” is a 
solution of this inequality which for g(t) = eel* has property (6). 
From Theorem 5 and some elementary observations we get 
COROLLARY 3. Consider the dtfjferential equation (E) subject to the 
conditions lim, _ m z(t)= co, uf(u)>Ofor u#O, andp(t)>Ofor tat,. Then 
condition (C,) is a necessary and sufficient one in order that Eq. (E) have a 
solution of “maximal” type. 
From Theorem 5 and Remark 6 we have 
COROLLARY 4. If z(t) d t for t >, t, then every nonoscillatory solution of 
the differential equation (L) is of “minimal” type, tf and only tf condition 
s 
cc 
p(t) dt = 00 (C4) 
holds 
THEOREM 7. Let for every t 2 t, 
P(0 ’ 0 and T(t) < t. 
Then under condition (C,) the dgferential equation (E) has a solution x of 
“minimal” type. 
Proof Let condition (C,) be satisfied and let To > max (to, 0) and 
K> 0 be such that 
s 
‘32 K 
TO 
p(s) ds if(K). (9) 
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Consider the set X of all nonincreasing functions x on [T,, 00) with the 
property 
0 d x(t) <K for every t > T,. 
The set X is considered to be endowed with the usual pointwise ordering 
6. Certainly for any A E X there exist inf A and sup A. Consider the 
mapping S: X -+ X defined by the formula 
5 O” ~(s)./-(xC~(~)l) 4 ift>T, 
(sx)(t) = 1m 
I ~b)fbC+)l) 4 ifT,<t<T, T  
where T > To is choosen such that 
z(t) 2 T, for every t 2 T. 
It is easy to verify that SXE X and S is a nondecreasing mapping with 
respect to the order of X. Applying to S the Knaster’s fixed point theorem, 
we conclude that there exists x E X such that Sx = x, i.e., for every t > T, 
x(t) = j- A~).f(xC~(s)l) ds. , 
It is obvious that x is a solution of (E). It remains to prove that 
x(t) > 0 for every t > T. 
First, we remark that x > 0 on [To, T) and since z(T) < T, it follows that 
x[r(T)] > 0 and p(T)f(x[z(T)]) >O. Using this fact, from (E) we have 
x’(T) < 0. Remark that the function x is nonincreasing on [T, GO). If 
x(T) = 0, then x = 0 on [T, co ) and hence x’(T) = 0, which is a contradic- 
tion. Thus, we have proved that x(T) > 0. 
Let now T* E (T, cc ) be the first zero of x. Since x is a positive function 
on [T, T*) and To 6 r( T*) < T*, as before, we can prove that x(T*) > 0. 
So, we have x(t) > 0 for every t 2 T. 
Finally, we remark that 
lim x(t)=0 monotonically. 
f-Pa2 
The proof of the theorem is complete. 
The following example illustrates Theorem 7. 
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EXAMPLE 3. The differential equation 
x’(t) + 2re r’.4x3(j/f) = 0, f>O 
satisfies all the assumptions of Theorem 7. The funciton x(t) = Ed ” is a 
solution of this equaton with the property 
lim x(t) = 0 monotonically. 
r-a 
Remark 7. As it follows from Theorem 7 and Corollary 3, if s(t) < t 
and p(t) > 0 for every t b t, and the condition (C,) holds, then the differen- 
tial equation (E) admits both “maximal” and “minimal” type non- 
oscillatory solutions. 
THEOREM 8. Let z(t) 2 t for every t B t,. Then under conditions (C,) and 
(C,) 
the differential equation (E) does not have nonoscillatory solutions of 
“minimal” type. 
Proof: Let x be a nonoscillatory solution of (E) with the property 
lim x(t) = 0 monotonically. (10) ,+UZ 
Without loss of generality, suppose that x(t) > 0 for all large t and choose a 
T> max { to, 0} such that 
A-r(t)1 ’ 0 for every t > T. 
Then from (E) we obtain that for every t > T, 
x’(t) = -P(t).mC~(t)l) 9 -p(t)f(x(t)), 
and hence we get 
x’(t) 
-2 -p(t) 
f (x(t)) 
for every t b T. 
Integrating this inequality from T to t and using (lo), we derive that 
s 
x(r) du 
0 f(u)% s 
m p(s) ds < co, 
which contradicts (C,). 
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In the case of Theorem 8 we present the following examples, which show 
that conditions (C,) and (C,) are essential. 
EXAMPLE 4. In the case of the diferential equation 
t+l 
x’(t) + p -x(t+l)=O, t>o 
all the assumptions of Theorem 8 are satisfied, except (C,). The function 
x(t) = l/t is a nonoscillatory solution of this equation with the property 
lim,,, x(t) = 0 monotonically. 
EXAMPLE 5. The differential equation 
3 
x’(t) + p xl’j(2t) = 0, t>o 
satisfies all the assumptions of Theorem 8, except (C,). The function 
x(t) = l/t is a nonoscillatory solution of this equation with the property 
lim, + m x(t) = 0 monotonically. 
Remark 8. From Theorem 8 and Corollary 3 it follows that if z(t) 3 t 
for every t 2 t, and the conditions (C,) and (C,) hold, then all non- 
oscillatory solutions of (E) are of “maximal” type. However, the strong 
differential inequality 
Y(t)CY’(t)+P(t)f(YCt(t)l)l co, t>, to 
can have nonoscillatory solutions of “minimal” type. This fact is illustrated 
by the following example. 
EXAMPLE 6. The differential equations 
x’(t)+;x(t+ l)=O, t>l 
and 
d(t)+;x(t)=o, t21 
admit nonoscillatory solutions only of “maximal” type, while the 
corresponding strong differential inequality 
Y’(r)+$Y(‘+ 1) co, 1 t2 1, 
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admits the solution j’(t) = c ’ with the property lim, _ ., y(t) = 0 
monotonically. 
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